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THE problem, in a triangle to describe three circles each of them touching the two 
others and also two sides of the triangle, has been termed after the Italian geometer 
by whom it was proposed and solved, Mazrarrr’s problem. The problem which I 
refer to as Srerner’s extension of Manrarti’s problem is as follows :—“To determine 
three sections of a surface of the second order, each of them touching the two others, 
and also two of three given sections of the surface of the second order,” a problem 
proposed in STEiNER’s memoir, ‘Kinige geometrische Betrachtungen,’ Crelle, t. i. 
The geomeirical construction of the problem in question is readily deduced from 
that given in the memoir just mentioned for a somewhat less general problem, viz. 
that in which the surface of the second order is replaced by a sphere; it is for the 
sake of the analytical developments to which the problem gives rise, that I propose 
to resume here the discussion of the problem. The following is an analysis of the 
present memoir :— 


§ 1. Contains a lemma which appears to me to constitute the foundation of the 
analytical theory of the sections of a surface of the second order. 

} 2. Contains a statement of the geometrical construction of Srerner’s extension 
of Matrarrrs problem, 


§ 3. Is a verification, founded on a particular choice of coordinates, of the con- 
struction in question. 

) 4. In this section, referring the surface of the second order to absolutely general 
coordinates, and after an incidental solution of the problem to determine a section 
touching three given sections, I obtain the equations for the solution of Srgmner’s 
extension of Matrarmy’s problem. 

§ 5. Contains a separate discussion of a System of equations, 
cular case the equations obtained in the preceding section. 

§§ 6 and 7. Contain the application of the formule for the general system to the 
equations in § 4, and the development and completion of the solution. 


} 8. Is an extension of some preceding 
aumber of variables. 


including as a parti- 


formule to quadratic functions of any 
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§ 1. Lemma relating to the sections of a surface of the second order. 
: ax? + by’+ cx°+ dw*+ 2fysz+2g2x+4+2hay + 2lew + 2myw-+ 2nzw=0 
be the equation of a surface of the second order, and 
Qe? + $y +024 Dw? +2Fy2+2G2e4+ 2Dary+2Lew + 24sFlyw +2Msw=0 
the reciprocal equation, the condition that the two sections 
Ax + py yz ew =0 
Netp'yty'z+ew=0 


may touch, is 
(A?+-$u°4+ O°4+ D242 Fut 2Grr+ 2DrAw+ 2Lrct 24Awe+2 MMe)? 
x (QAP +B? 4+ Cy? + De? + 2 Fu 4+ 2Gy'2' 4+ 2p a!y! + 20A'e + 24 u'o! + 2 590'0')2. 
= (Saw + Buy! + Cw! + Dee! + HF (wy + u'v) + @ (vr! +72) +A’ +2/u) +0 (re +22) 
+ AU(nd + y'2) + (v2 +1/¢)). 
And in particular if the equation of the surface be 
ax* + by* + cz’ + 2fyz+2¢2u+ 2hey +pw'=0, 


the condition of contact is 


ile ee : Kee 
(Se + By +O +2 ff + 2Gn.42ly+— 2) 


Fn 4 Bul? Cy? +2 sul! + 9Gr'r! +2! + 2) 
| f er 


r 


= (ara! + Buy! + Cn! + xF(! + wv) + Gr +92) +H (Aw +A’) + ee) 5 


7 °° 


in which last formula 
A=be—f?, B=ca—g?, C=ab—h?, 
SrHgh-y, 6=hf—-bg, H=fg—ch, 
K=abce—af’—bg’—ch? + 2feh. 


§ 2. 
In order to state in the most simple form the geometric 


| al construction for the 
solution of Sreiner’s extension of Maxrarry’s problem, let the given sections be 
called for conciseness the determinators*: any two of these sections lie in two dif 
ferent cones, the vertices of which determine with the line of intersection of the 
planes of the determinators, two planes which may be termed 
bisectors pass three and three through four Straig] 
to use the term bisectors to denote, not the e 
passing through the same line. Consider three 


each of them touching a determin 


bisectors: the six 
it lines; and it will be convenient 
ntire system, but any three bisectors 
sections, which may be termed tactors 
tae ator and two bisectors, and three other acetone 
(which may be termed separators) each of them passing through the point of c 
‘determinators,’ & indif i 

PN tee cme ae, tae indifferently the sections or the planes of the sections : th 


Oontact 
* I use the words 


e 
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of a determinator and tactor and touching the other two tactors; the separators will 
intersect in a line lee passes through the point of intersection of the determinators. 
The three required sections, or as I shall term them the resultors, are determined by 
the conditions that er ware touches two determinators and two separators, the 

‘aa halatey FP ¢h,z yy etrietior } ej rin lie I oe = } > "AM Tl 7 tert ay fie 
eae of the construction being implied as a theorem. 1e a posteriori verifica- 
tion may be obtained as follows :— 


\) &: 


Let c=0, Y=0, z=0 be the equations of the resultors, w=0 the equation of the 
polar of the point of intersection of the resultors. Since the resultors touch two and 


two, the equation of the surface is ez isily seen to be of the form 


2Y 23-230 2ry—--w —=0*, 
The determinators are sections each of them touching two resultors, but otherwise 


arbitrary ; their equations are 


50 — By +5g2-tw=0 
—r— By t—stw= 
Dae caso eae: 


Ll 1 
=e + Y—YV +w= 
Oy Qa Y 


he separators are sections each of them touching two resultors at their point of 
contact (or what is the same thing, passing through the line of intersection of two re- 
sultors), and all of them having a line in common. Their equations may be taken 
to be 
cy—bz=0, az—cx=0, br—ay=0, 

the values of a, b, c remaining to be determined. Now before fixing the values of 
these quantities, we may find three sections each of them touching a determinator at 
a point of intersection with the section which corresponds to it of the sections 
cy —bz=0, ax—cx=0, bu—ay=0, and touching the other two of the last-mentioned 

sections ; and when a, 6, c have their proper values the sections so found are the 
tactors. For, let et eee be the equation of a section touching the de- 


terminator — ax aie ys <+w=0, and the two sections bx—ay=0, az—cx=0, and 


OD cee 


suppose DP =2? + wy? — Quy 
the conditions of contact with the sections me az—Cx= 


2ve— 2) [b— ps 
Sey) 


are found to be 


(6+a)A= Oa ee 
(c+a)A=(c+a)A—(c—a) )4—(c+a)p, 
values, bowever, which suppose a correspondence in the signs of the radicals. Thence 
The reciprocal form is, it should be noted, 


@° + y? + 2? — 2yz— 2z9—2Qry —2w°*=0. 
MDCCCLI!. Tb 
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. MC an 1a y i ies Wee LL. vy, p are Nc 
(6+a)w=(c+a)y; or since the ratios only of the quantit ef : 


A?=2?—2(2a+b+c)a+(b—c)?—22=(A—b—c)’ 
or eP—=—22(aatbe). 


s 


+ e ‘ =) — (j ——a¢ Coe == (i) S 
Whence the equation to a section touching br—ay=0, az—cx=0 is 


AQ +(c+a)y+(b+a): za / ZS (QA + bc) ys 


And to express that this touches the determinator in question, we have 


Pa 


SEC? Fa(a—b—c)=( abs )A—a(2a-+ b+ c) + 2/ —2(aa-- be is 


and selecting the up per sign, 


i 2aa= = IN =O (ane he) 


whence 


= —2a(ae—r./ —2he 2he), f/f —2(ar ada+be)=(: 20u%—- = 2be) : 
or the section touching the determinator and the sections bx—ay=0, az—cr= 
Ye (0) 2bc). t+(c-+a)y+(b+a) +(2ae—./ — 2hce)w=0 ; 


and at the stir of contact with the determinato 


2yY%+220+20y+w'= 
Eliminating w between the first and second 


is ae and between the Second 
third equations, 


rf =2 2be( we-t5- y +5 - 2)+ 


(w+ 5, oy, a) +2ys=0 ; 
and from these equations (cy—bz)?=0, 


or the point of contact lies in 
cy—bz=0. It follows th 


at the equations of the tactors are 


—2u(aa—/ —2bc)x+ ( (c+a)yt+(b+a)z (2aa—,/ — 2be) yo 
(c+ b)x—26( (68 —./ —2ca) y+ (a+b)z4 cover 2ca)w== 
(b+c) )e-+ (a-+-c)y — 2Qy( (cy — / —2ab)z+ (2cy—./ —2al 2ab)w=0, 
where a, b, c still remain to be 


determined. 
Now the separators pass through 


the point of intersection of the d 
the equations of these give for the 


point in question 


5 


OO HCl) ( 9 00 Te +y-+: 2a 


(274+ 1)(~—B a--y— ene 
(2064 l)(¢+B—y+2uBy) 


: : 
tne section 


terial. 


eterminators 
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and the values of a, b, c are therefore 
a:b:c=(2By+1)(—e+6+yY + 2a) 
(Qya+-1)(a—B+y+2ap7) 
(2a3-+ ] \(a+b—y+2a«By). 
which are to be substituted for a, b, c in the equations of the separators and tactors 


respectively. 
Now proceeding to find the bisectors, let »x+-vy--yz-+ew=0 be the equation of a 


section touching the determinators 
a ; 1 
5g¢ — PY + age TwU=V mara’ —yz+w=0 
'@) a ay <7 
And suppose, as before, A?=)?+- 7+? —2uy— 2vA— 2a — 2¢°; the conditions of con- 
tact are 
i era 
—-PA=PAa— | P-+a )H-+- Py — 2e 
\ YY 
ae —==pyy\ AL —, We 
+yA=ya+ ye 2e, 


where it is necessary, for the present purpose, to give opposite signs to the radicals. 


For if the radicals had the same sign, it would follow that 


ie net ee Pap ie ne a (52 elie 
aA) OY Steel (0 Clin mira Vu By—2¢ | —-|) Atyp—{ y+tp y—2¢ == (72 
or the equation Axv-+-wy+»z+ew=0 would pass through the point 
] Dee 
TRO 22 2 UW) 5 a a ee 
ite eG are) 


the section would be a tangent section of the two determinators of the same class 
The proper formula is 


0, which ought not to be the case. I 
1 l ‘ ] 

=I (@5 Pails LAY ay. |\_ bie ee 5 
3| BA (B+ )e-+Rr—22|+ “|atw- (y+2)»—22|= 


And this equation being satisfied, the section 
AL wy + 7% + ew=0 


or 


passes through a point 
i 
SYR CT YO 
B* 
The bisector passes through this point and the line of intersection of the determi- 
nators ; its equation is 
l/l 1 
B\ op™ — PY TB Sew arate eta CF fimo +w) = —==()e 
or reducing and completing the system, if eee of the bisectors are 


(sg—5,2 )*- +s, Wie 
(v4dh)eb(Gondely—(14eh)e+(b—ene 
—(1+55 Peer 


ie 
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Wan’? + by? + cv? + fur 2err+ 2hiw—K, 
And considering any other section represented by 


where 


where A, w, » are indeterminate. 

a like equation, 
= 5 C | fof COT IN ep ely 
(aa! thy! + eva (hal + be! fy (gh fe +o se +.f —pv w=0, 
cany that the diti f 
given, tha 1e condition o 


where 
Wi Han? t+ bu? + cy? + fw + Qe! + Qhi'w'—K, 
it may be shown by means of the lemma previously gi 
contact is 
a2! + bp! on’ + fw! +h) +200 +72) +hiay'+ro)EK=sy'. 
Suppose that 1’, w’, »' satisfy the equations 
v=), 
hi' + by'+f’'=0, 
er +fu'+o'=0, 


so that the last mentioned section becomes r=0; and observing that the first of 


the above equations may be transformed into 
/ 7 ! Dp eee 
ih 7 5 rae ie 


i 7] 
Va’ 


ae ae ee ia 
it is easy to obtain 7 =./@, p/= ‘== 
V 


aX = 
=NSeIK =O. 
VQ 

/G, so that if in the above written equation we 
=/ 4, p=./B, »=,/C, we have the equa- 


all or the corresponding sections of the sections 


— 


And taking the under sign, 
establish all or any of the equations A 
tion of a section touching 

t=0, y=0, z=0. 
for a solution of the problem of tactions, the following 


S—()NAIZA 


a-=-— 


In particular we have 
equation of the section touching z=0, y=0, 
(af AF S B+ e/ C)at (oJ At bS/ BSS O)y + (g/A+p/ B+ o/O)2 
Vt an = = 
ES 2(./ BE — SF) (./ AC —G)(./ AB—D)\w —0. 


yin 
Anticipating the use of a notation the value of which will subsequently appear, or 


f= VAS VBC—F, c= VBV VAC—G, b=./ EV VFB_—b, J= V20/A8C, 


2h? 
) 2 


putting 
2 
Af*o 
aT 


values which give 
VAgEEENT/ iF 
feh p =O. 


Ke 


the equation of the section in question is 
oz h2 
5 Sy) 2 ap) 2 Ne 
oe (Pe eb y+ el fg? bts pe 


it Fae ey 
Se arte) an 


ee 
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~ . ath at C aD Anis j ait P SeC i 9) with an 
I proceed to investigate a transformation of the equation for the Section | 
; , 9 iC I ete A ay 0 We have 
indeterminate parameter 4, which touches the two sections y=0, z=0. We have 
ay? = (aa thytg)y+(Cw+h"— 2Fu)-BO+SF; 
or putting for » and » their values /%, ./€ in the second term, 
av? =(aw+hwtqy+(/BO—FY 

or introducing instead of 4 an indeterminate quantity X, such that 

a+ hotq=(./BE— i 

a=(/ BO—f)/1 +X, 


Also introducing throughout X instead of A, 


we have 


and completing the substitution of 


/ B, /O for w, v, the equation of the section touching y=0, z=0, becomes 


(aw+hy+gz)X+y/ E+ 2n/ B+/ —ap/1 +X? .w=0. 


And it may be remarked in passing, that this is a very convenient form for the 
demonstration of the theorem; “If two sections of a surface of the second order 
tangent sections (of the same class) to two fixed 
sections, then considering the planes through the axis of the fixed sections and th« 
poles of the tangent sections, and also the tangent planes through this axis, the 


harmonic ratio of the four planes is independent of the | 
tangent sections ;” 


touch each other, and are also 


anti- 
y0Sition of the moveable 


where by the axis of the fixed sections is to be understood 
line joining their poles. 


LLC 


The sections touching z=0, r=0, and 7=0, y=O0, are of course 


tf C+ (he+ by+fz)Y +z WEEN / Spe / as w=0 
IS B+y/A+ (ga+fy+cz) TE w=0, 


An + bp! 1H! =(/E4—G)Y, mo =p, Y= SC 
gf" + o'=(./AB—D)Z, 3 - =,/G, =f %, H 


The conditions of contact of the 


where 


Sections represented 
tions would be perhaps most simply obtained directly 


proper to deduce it from the formula for contact used in 
shortness 


by the above written equa- 
from the lemma, but it is 
the present memoir. If for 


oe )=an'n" + byla!" + oy/y!! = AD ppl!) +e (V2! ty") NEA Ke! bala) K, 
where tite symbol @ (-£) 


—-) is used in order to mark the essenti 
of the results cor 


ally different character 
ambiguous sign, then 


responding to the different values of the 
boP(— =f (hn + bul + fi')(gn!! + full +oy!), 
+ (o' — Gr')( )(ga" ful! + cy!) 

+ (Se 1pn") (ha! 4 by! fi, 


yn! — AP) YN FD + uN fGK — —f F) 
—AK —f?K. 
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=f(ha'+ by’ +f) (gn fe! + cv") 
+S A(/AC— ae ae i 
+S 4 (/AB—D) (ha! + by! +f) 
JU eae SO4+6./ 4948 —AF— (EGbh—AF)) 
=f (halt bul fr’) (gn +f’ + on") 
+./4(/AC—G) (gr + fe" +0") 
+S (./ AB —D) (hr! + bu' +f) 
—f (./AC—G)(./AB—D), 
AC —G)(./AB —){ fYZ+/ AY+Z)—/}. 


bceD( —)=(/ ALT — 
What, however, is really required*, is the value of ®(-+-); to find this, 


boD(+)=bceP(—)+2bcK 
AC — 6) (./AB—-B){ fYZ+.SAY+Z) +f} 


(A, RAY 


the second line of which is 


2(/ AC — 6) (/ TB) Fe, mW AC+G)(/ AB+B) Sf, 


o(. /AE—G)( /€@B—b) 
\ EN ATS aan) /(./AG+ EG) \(./45B+H — 6H+4F} 


(./ AC —G) (,/AB—B)/ Fo, 


where 


I= (/ ABE +I /IA+G/B+DS/O) ; 


and consequently 
6) (./ FB —B) fF VZ+/ AV +Z) + f+ 24/4} 


thought right to work out 


bcO(+)=(./4C — 
a reduction, which on account of its peculiarity, I hay 


in full. 
The condition of contact is 


(/ AC — 6) (./ 4B —B) JI + V2/1 +2. 


! 


O(+)=VvV = = 


It may be shown without difficulty that the (—) sign would imply that the sections touching z=—0, r=0 
By taking the (—) sign in each equation we 


and e=0, y=O0 were sections touching c=0 at the same point 
should have the solution of the problem ‘“‘ to determine three sections of a surface of the second order, the two 
” which is not without interest ; 


sections of each pair touching one of three given sections at the same point 


the solution may be completed without any difficulty. 
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Or finally, the condition in order that the sections 
ca hee By , aa ns 
tr/ ©+ (ha+ by+fz)Y4 el Gf ly WNC 
rr/Bty/ A+ (grtfytez)Z+.f—cpV/1 + Z’?w=0 


Fe which ji secti oes —Ong—O} and the darter 
(the former of which is a section touching z=0, r=0, a 


touching z=0, y=0) may touch, is 


Pf NZEN AN PAE Gn 20 =~) Den ENON ES 0) 


a section 


The preceding researches show that the solution of Srerner’s extension of Mat- 


° ; re] a) TCT a me tj Y) vai 
FaTTIs problem depends on a system of equations, such as the system mentioned 


at the commencement of the following section. 


Consider the system of equations 
a+B(Y+Z)+7YZ+0/1£Y2/i+77=0 
“@+B(Z+X)+y7ZX+0/14 7/1 +X?=0 
wo P'(X+Y)+yY'XY40/1 4+ X2/1 += 


These equations may, it will be seen, be solved by quadratics only, 
cients satisfy the relations 


QI All 
iB ys ieee 
y—< _¥ —al— all, 17 
9) ¢ > ! 319 S112 
B2 +? § R 2 + n//2_ 9/2 Bl? 4. yll2__ pif2 
SaTOL —Sal2 31 — se ye [Quen 
Visaciice Uae W 


equations which it should be remarked are satisfied by 


B=0, cg=© EN —=()). y y —)> ~ 1 Bil 
Or if we write 

a a! I 

8 7—=—"N, 


the equations become by a simple reduction, 


Y+2?-91Y7——? —] 
LZ? +-X? 4 9m ZX — 12 — J 
XO EY? NK Y= 72 


which are equivalent to tl 


1€ equations discussed ; 
tions connected with Ma.rarrrs Proble 


bridge and Dublin Mathematical 
effected by the direct method, wh 
variables between the two equ 
with the third equation. 


in my paper 
mand on another Alge 
Journal, t. iv. p- 270; the solution might h 


ich T shall here e adopt, of eliminating 
ations into which it enters 


when the coeffi- 


~ Ona System of E uqua- 

braical System,” Cam- 
ave been 
any one of the 
, and combining the result 
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Writing the second and third equations under the form 
NAB Uxe a Chy Ae ase — 0 
JNU IL) OL (CU / aD C10). 
the result of the elimination may be presented in the form 
A‘A" 4 BIB'—C'C'=,/A"+ B?— C/A? +B? =C®, 


which is most easily obtained by writing X= tan 9 and operating with the symbol 


cos~'; but if the rationalized equations be represented by 


n+ Qu) X+y'X?=0 and a"+ 2u"X + X°=0, 
the form 
4(A''— ws") (Uy! — wy? =I yt ry — Quu'u'')? 


leads easily to the result in question. The values which enter are 
A'=e'+'Z A"=a'+p"Y 
Bi=C'4+7Z £B'="+y'Y 
C=) Vee C= AERNE: 
whence, in the first place, by the equation connecting Y, Z, 
O0'= —F (a+ BV +Z)-+)YZ}. 


It is obviously convenient that A’A”+ BB" should be symmetrical with respect to 
Y and Z, and this will be the case if 
a8" + Bly"=a'B'+6"y', we. if B'(y!—a")=B"(y'—e’). 
Or assuming that the ie are symmetrically related to the system, we have 
the first set of relations between the coefficients, relations which are satisfied by 
w=y+208, d= 7 +208), aly" +298", 
and the values of a’, «', «" will be considered benceforth as given by these conditions. 
We have 
A’A"+ BIB" — CC" =a'a"+6'6"+ (7B"+y7'6'+ 2068/8") (Y+Z)+ (C'B" +77") YZ 
ieee II 
—{e+B(Y-+Z) +yYZ}. 
The quantities A?+B”—C”, A'?+ B'°—C" are quadratic functions of Z and Y respect- 
ively, and with proper relations between the coefficients, we may assume 
(A? +B? —C?)(A'?4+ B'?— C'?) =Ps?{ U2 k[ (e+ 6(¥+Z)+7YZ)—P+Y?)(1+Z?)]}, 
in which U is a linear function of Y+-Z and YZ, and & and Zs are constants. ‘The 
first side must, in the first place, be symmetrical with respect to Y and Z, or 
a? + 3?— 3”, (a +y')@', B?4+-7?—5°? 
must be proportional to 
P+. BI? — 6, (a! try"')5", BP yl? — dl”. 


MDCCCLII. 2M 
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But since 
are proportional to 
it is only necessary that 


should be proportional to 


Or since the equations are supposed symmetrically related to the system, we must 
have the second set of relations between the coefficients. Suppose 


then since 


7y—v#@=—4(y+9B) 9B, &c., 
we have 


PHP + —4s(y + 93), 
0° =B" +7? —4s(7' +083)! 
oP =P? +? —45(y" 403") 3", 


and 6, 6’, 6” will be supposed henceforth to Satisfy these equations. 
We have next 


A” +B? —C®=4(7/+ 08')B'(st+-o4+Z+sZ?2) 
APT BE—C?=4(y!"+-98")8"(s-+o+Y+sY?), 


which may be simplified by writing 


where w, » are to be considered as given functions of s and ¢ 


A“ +B" —C? =4(7+ 0B! )8!s(Z T#)(Z+») 
AST BP — CO? =4(y' 4.98" B"s (Y+w)(Y-+). 


Hence, putting for simplicity 


These values give 


PrP nf! / al N\ Alar 
we have AY + 98)(y TPB") B'B", 
MAT eZ) (Ye) (V+) WL (op 


And the two sides have next to b 


BYY+Z)+7YZ)—8 +2) (14.22)7, 


| © expressed in terms of Y+-Z and YZ. 
If for sym metry we write 


= =), (EY Law, 
MEST HIE OWE MEO +E # 


And U is now to be considered 
The condition that the first SI 
equation for determining & 


Yn l= WR EL By yf)? 
a linear function of 3 ty & 
de of the equ 


: ation may divide into factors, gives an 
> Since the conditj : 


On is satisfied for i=) arngl p= eS de 


eo) 
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equation will be linear, and it is easily seen that the value is k=3(u—»). In fact 
4(w2+ un) (E+ +E) + (w—v)? [( (E—Z)24 
= (QuvE+ (wty)n+2ZC)° L(w—)(E4-0)?. 


{Que + ( w+») oa 


Hence 
= SCE + Brty/)?—FE+C)} 
And we may assume 
Ques + ( by v)n q+2 Y4U="—A{(u az+ Pa+ +7) —o(z +Z)} 
Quve + (wb»)n--20—US=— 4 { (ef + Bn +70) +3E+0)}, 


subject to its being shown that 


srk 2 phon Ala" | (A+) (E+ Br +70) —2(A—Z)E+O} 


gives a constant value for A. The comparison of coefficients gives 
—y ] 
ee) al ea) 
; 5 
[e—y 1 
(A+z)8 


1=tF{(a44)r— (6-1) 


the first and third of which give 
= ] 


which will be identical with the second, if 


4uy= 


9 Dy)y— 
264-29 


2(1 au Bea 
fet y-4 


which follows at once from the equation 


Forming next the two equations 


Toate 
A+7=G—yple +")? 


babies 1 
A (%—y)B 
these will be equivalent to a single equation if 


(wr)? = {(u+?)y—28}°+ (u—»)'P > 
(wy)? = (w+) "(P° se 4 (w+) By—4(y— 1)" 


M 2 


2. e. If 
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or finally, if 
1 2 2 
, a} y —As(y+ QO) )p 
=p+7'—49 (y+ 7,8) =6 fm ae 


which is in fact the case. 


] ] 
Writing the equations for NG TET re 
| May, 
in the form A+A=(—0Bs 
Nl ge 
A Ae (u —v)Bs Vines 


. 1 B 1\y, y | 
and substituting in U == "( Me xe +374 +y0)— (A+ K}° E+), 
] pyar Se . 
we have U=sa3{ (y¥— 28s) (+ Ba-+ 70) —PE+C)} 
= san (—B+ 257+ 207)E-+ (y—258)n-+ (—B+ 2s + 4598)Z}. 


And consequently, multiplying by 


Is=2/ (7 +98)(7' +98") 8'B") 


we have INCHES B2=02,/ A? Be Clr 
=V (7+ 7+ 9B BB") {(—B+25y-+207)E+ (y—2sf3)n+ (—B+ 257+ 4508 


or be the different terms 


cece! + BIB" )E + (7/B" +-7'B'-+2¢8'B")n + (BiB! +47") a (2E+Bn+ 7%) 


— 50 FBV £308 EB {(— B+ 257-4207) E+ (y—268)n+(— B+ 207 +4998) = 


which, combined with the first equation written under the form 


(w+ Ba yl)? —¥((E~ 0247] =0, 


determines the ratios of £, 2, G, 1. e. the values of Y+Z and YZ. 


§ 6. 


The system of equations 


(f+ 26/9) +/A(Y+4Z) 4+ fyz— — J bo/I+Y/1$Z7=0 

(S+20/ 3B) +./B(Z+X) 4 ¢7X — JS ca,/ 14+ Z/1+-X2=0 

oo )-RXY —, Jab./1+X2/STLY?—0. 
b= (V/ ABE+ fi. /F+G B./B+D/O), 


on which depends the solution of 
once seen to belong to the class 


where 


STEINER’s extension of Maur 


ATTIS problem, is at 
of equations 


treated of in the preceding section, and 
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we have @=0, s=0. The equations at the conclusion of the preceding section 


become 
(./S BE + gh+20(g/ CLS B) +40 / BOREH (GS C+hS/B+26/ BE hit {./BE+ Eh} 2 
— al (f+ 20 DES Int (0) — ae (G+) BNI OW BE (WA —2Uf )2— fr +. IQ =0 


(7496) fey (E—Z)’ +77} =0, 


which may also be written 


(S BEHELD + (AV At gS EFWS B+ 2S BE) (1+208) 
el ee ge (A 24 )E—frt-/ AC) =0 
(E+E) +S Ant 20) PP — bef (E—2)?+-77} =0. 


Or observing that 
ot lr/ B= _/ BETH) (JAB +®) : h6/C=_(/BE+F)(/AC+E) 
—ar/A+h/B+g/C+2/ BE =6(./BE+ F), 


and putting for a moment 


pag (SAE+ G)(\/ AB +B) / BO), 


and therefore 


SJ (g+0/B) (ht / EC) /BE=(/ BEF FA, 
the first equation divides by Chee and the result is 
(E+) +4(a-+ 208) Sale +2) —f(n+ 265) } =0. 
And by an easy transformation the second equation becomes 
— {./S AELZ) —f (n+ 268) + 4bcZ( (E+ Z) +0(a-+ 262) — (1+. )2) = 


Or putting Deer er 
S 4 . de ——— 


—(/A(E+ 2 fn +208)) =4 
G =, 


V be 


the equations become 


—O?+4¥{O—(1+ 6) ¥} =0. 
Whence eliminating ®, 


GINS ©? 1+ 62 
(@¥-TR) =a4e(!— ae): 


14 as BES) (/ E84 6) (\/ AB +B), 


or observing that 


~ 
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and reducing, 


a 


KO = (ABS Fe a 
(/BE+ F)( Vv CA+ 6)( VAB+H) SBE } 


Also ©=2A® gives 
Also 5 Ke 


~ n/(VAC+8)(VAB+D) VBE 


Suppose x Tee 
/ SO + fac, JS BO fax, co Chey =I NG. 


JEI+G=8, /EA-G=p, BB.=Ks 
/AB+H=y, SJ IB-D=y vy, —Ke; 


then substituting 


s eo eet a 4S bcD=0 
\/ Bry, 
he : Vie 5 
O- Fr (wta)(1—— 1.) wo 
Va a 
that is, | 
ZAILG Az v2 Vat a, 9 4 
ont) 7, VY E42) —fO+28)}=0 
l/l 


ie we » 4be(a4 / a, 
Eb C+ Hn 266) — SEA (Vy, 
iti es é 


which may be written 
Lé+M7+N7@= 
LE+Mj+N'7Z=0, 


where 
iM 9 V/ > 
— —] Daj — aT tt, 


(JA), Mai 2VERg Noy VIV ETE 7g 
By, 2Y); =p 2% / Bry, aa NE ars VB vy, JG, 


pss 2 be(a + a) V a, 
iv =| 99 Sle +a ( == ef ‘XI 
By, : aie): M'=6 ’ Neh 


, ¢ are equal to 1, Y+Z, YZ respectively, 


U:V+2:YZ=MN'—MN.NU_N‘. LM’—UM 


Or since &, 7 


vis (2(a+4,) 


a (f+ If Z) 


, 4be(a+ a) v9, Vata, = be 
, By, (i- ay, eee 7a) MV2V a+ 


° 4bc(a+ «)) J 9 Viet oe <= 
By, Cae Them 7) v2 7 


Also 
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whence 


Ee Lg, 
Y--7 = mei v2 Ease V arn bd ve ETS /B) (1 Pg Sled ees 85) 


YZ—2"2 Meta SNA. V2 Vata pal va, )=1 
Ix \ V Biy, Vato, ; 


And by forming the analogous expressions for Z+X and ZX, X+Y and XY, the 
values of X, Y, Z may be determined. But the equations in question simplify them- 
selves in a remarkable manner by the notation before alluded to. 

Suppose 


f= JA/ /BO-F, g=\/ BV / C86, h=/ OV -/AB—B, Ja=V2/ ABE, 


these values give 


KVM acy, _f 
gel (-F) 
K Vbe , ey / h? 
VME =2¢h i J? Lane 
Kf a Obed arian 
Va =I — @?—h?+ J2 
Ké ——f?’—g’—h’+2J’ 
4f2e°h? 
K? =—f'—g'—h'42¢7h?4+ 2h7f?-p2f%g?_ — 3 
Applying these results to the preceding formulze and forming for that purpose the 
equations 
V2Vate Sia V 0, ft 
2S 2f a ar/ By, =4gh Vv By, \ ‘Ach’ Vata | 


we have 


F 
K(V+Z)4+2K0=4(J'—gh)(1—) 

° ries 9 2 f ; 
KeYZ+K? =4{(J*—gh)(f2—(g—h)) —2gh(g—b)*}(1—-J) 5 


the former of which, combined with the similar equations for Z+X and X+Y, gives 
for X. Y. Z the values to be presently stated, and these values will of course verify 
= ’ . \ 
the second equation and the corresponding equations for ZX and XY. 
Recapitulating the preceding notation, if c=0, y=0, s=0 are the equations of the 
given sections, w=0 the equation of the polar plane of their point of intersection 
with respect to the surface 


ax? by?+ cz’ 2fys+ 2g24 + 2hey +pw°=0, 


: 
! 
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the equation of the surface, 4, $, @, Jf, G, B, K as usual, and 
(=E(/ C+ F/I+G/E+D/O), 
then the equations of the required sections are 
(aa-+hy + g2)K-ty/ Ete /B+/ Sap / TEX w=0 
vf C+ (he+by+fzy¥+ en / GF J — bp/ 1+ Y°w=0 
rf B+y/ A+ (getfytce)Z+/ —cp 
where X, Y, Z are to be determined by the following equations, 
(f+ 20S A) +S AY +2) +f YZ—/ bo /T+V/1 EE =0 
($2638) +./B(Z+X)+gZX—/ ca / 1 EL/| +X?=0 
(b> 26S E) +S E(K+Y)FAXY —/ ab / 1 PRX/ TEV =O: 


and the solution of which, putting 


SVAN /BC-F, s= EV JORG, h=6/EV/ JIB D, J =./3/ BSE. 
is given by the equations 


2feh 


KX=—-+(—f+e-+h)—9(—f4t-g+h)gJ 


say ial, F 
KRY="; + (f—g+h)-2(f—o-+hyJ 


2fol 
KZ= 7 + (f+e—hy—2(f+e—hys. 


ro) 


Instead of the direct but very 
have been obtained, w 
We have 


tedious process by which these values of xe VL 


€ may substitute the following & posteriori verification. 


Jj 
RS IFY*/ ae imo =3)/ Mee ee 


J 
79 7 if f 9 : 
K?(1-+.Y Z)=4( 1 —3){O8b)(f—(¢—n)9) —2gh(g—ny" 


f 
NOEL) BP — 69h haa () -;) (J?—gh). 
Putting also : 


KC eae ig) +5) (1 ae ae 


r 
a9 
| 
= 
& 
| 
l| 


)_ 2eh(J2— 
(f —(g—by?)—*8 oo 


(=) )(e payee) _ tet 


bD 
a | 
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OC 


(fg? —h?4- =. sa) K¢(1-+¥Z) 


= a f\ | es a es, a: =f } (J?—ol \2 
=4(1— 7) i —(g—b)’)| (J*—gh)(f—(g—h)*)—2gh(g— h)’—2gh 7 : | 


4o°h? (2 = 


)] Asean )?(J?—gh)) 
) P i: 


i o¢ 


And the values obtained above give also 


Dan) (ae yen Vf ENE SATE 


== ( Ni yale . 2 a ( he 
== 4 | aay fr ‘—(g—h 1)*)2ghJ (1-5) (—j) 


\ 


which shows that the relation between Y and Z is verified by the assumed values of 


these quantities, and the other two equations are of course also verified. The solu- 
tion of the problem will be rendered more complete if the equations of the required 
sections and of the auxiliary sections made use of in the geometrical construction are 


expressed in terms OE ep ldy d- 
\7. 
First, to substitute in the equations of the required sections or resultors. Writing 
the first ae in the form 


ss Fite (AX+/ CE) yy + ( (eX+/S38) Jets —ap/ 1+ X'| =0 


2/73 BE | 


the coefficient of x will be 


f (ip) {ap t tet 2J( —Heth) 


Or, aS it is convenient to write It, 


(1+5)(—f+8+h) yg aD mcetery tet hy} 


2N 
MDCCCLII. 


Ps 
£6 
wry 
Ee 
4 


| 
} 
Gy 
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nei sm an 9 REN Bile e 
a (Pg tht Se) + (-f+g th) 2s (—f+g+h 
ail Loe hone \( J = 

4t*g* ehe 
— f*—o*— h*+ 20°h?-+ 2h°f?+ 2f°e? — iz =| 


or, after all reductions. 


(1-5)f(—f+-g+h)(1- cay tien eee =»). 


\ 


and similarly the coefficient of z is 


( 4 . an chet Ww2teh : P : | 
5 Fee ee y t(—f+g+h)—2J(—f+¢-+h))} 


£202} ed 
—f*— o*— h*+ 2e°h’-+ 2h’f? of ga 
or, after all reductions, 
f\ 7 7. ; 18 h he — 2foh Y J(f —o +h ) } 
C45) H+) ye (a) ripen tht eh EE 


and the coefficient of w is 


( +5) ‘(—f+g rth) oN ikey n/a aA fot, 


Whence, forming the equation of the resultor in question, and | 


by means of it those 
of the other resultors, the equations of the resultors 


are 


2fch f fe 
Ge —ft g+h— 2J) —( |]—-= Ja 


VANS 
— 2foh f? 4+ 922 ron om 
! 6 2S tr ero lw co) 
sre —fig+h) +I— g+h+2J fe ) s( Jaceyi Y 
io ed E enw h 
st Gress are aay +fi+g—} nso Sr -*) Ve ('-3)2 


> Ire f o ] — 
5 1 
TMA) SE | Bes, 


— 2foh : 
(Cesena teen poy oe BN as eh 
J(f +h) g+h+2J— fe ) Ve ] z)* 

+Ge 2teh ste Lig 
— 2foh ed 
J(f @ +h) aie 1-2 J= a = ft, 


42/Ra/1—iy/) 8/2 ea 


~I 
Se) 
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— foh f?—o? + h* f i 
Ome aerate l ) IE vy oe 
(5 frgrh+2s oth ) Tale Wy 
(stig ee ena Seas aS aa 
eae ye ee ean eyes de) 


ee ay ee 
alues which might be somewhat simplified by writing &, 2, ¢, # instead of 


(1—S\y, ee (i=? \z, Af ee) ee Wee a, Whe 


t fe { o 
Ja\ ae / B \ J/s VE 


the coefficients as well of these formule as of 


And it may be also remarked, that t 
sed in terms of the parts of a triangle 


those which follow may be elegantly expre 


having f, g, h for its sides. 
The equntione of the separators are found by taking the differences two and two 


of the equations of the resultors (this requires to be verified a posterior?) - thus sub- 
tracting the third equation from the sec cond the result contains a constant factor, 


u AO TO ep EM (as 2 £2 
i(P—@—»» yen he *be—J(f?— (g—h)*)((g-+h)—f*)}, 


2.22 Bia ae Ke 
aed 8 —J(K + a =) Ol (f—(g—h)*)gh 


equivalent to 


Rejecting the factor in question and forming the analogous two equations, the equa- 


tions of the separators are 


glist Felt y— fali-a) = 


f Vk 

f f h—f g o h h 
Saas Soe a ee 

f f g eg f—¢ h h 

a3)? 3) — vel 329 


and from the mode of formation of these equations it is obvious that the separators 


have a line in common. 
The equations of the determinators being 7=0, y=0, s=0, the equations of the 


tactors are 7 
J S2z—/ Cy=0, / Car—r/Fz=0, J/ Ay —/ Br=0 


and if «e-+By+yz+dw=0 be the equation of the tactor touching 
r=; /Cax—r./4z=0 and JS Fy—/Br=0 


the conditions of contact are 


A( Ae* +..5%)= (qe+$6+ Gy)’, 
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TZ + 
IK, Ci Thy \ / Gi 2 / 
A > ry 2 ae mh fi a 5 ta / 4—|9 x )—-+ / 
2/ FB (/FB—BP) (Ge = = (/ 1S ) (ce . v (Ba 


nf AE (./ AC —G) (Ao? +. 8 = 1 0/AC-G) oA —7V/ ©) + BV OC IV a) 


whence 


Jar ~W F/ AS —®) (Get ao 6y)= 


rel } | | (& 
1 z 7 ae 7 
=/ 2/G T(/ A lat Wot = 
vy af 


and putting for a moment 
= /KS— 6 On, JAE / Ag —®) 
=/FB—h—/2,/4B v 735) 


After some reductions, and observing that the ratios onl] ly 


of the qua 
are material, 


K 

(Ue ut hy + £4) 
K 

Se Va! by fu 
K 

Y= 4/ Al fotcp) 


a> PoP + cu? +2f wy) ; 


and it is easily seen also that the coordinates of the point of contact are 
as OES NAC | 
t=0, y= R=, w= —— 
) aN 
also f 


Jo 

g Jh h 
ee 

VB wae 1) 


hout the quantities f 
the analogous equations, the equations of the t 


And substituting and introducing throug 


actors are 


(Pe th) (eth) (gay ee |) Le 


ca) popheay ee ns rh(o— 
i —(g—h)2 eee ) 


—— 


+27 Ra/eh(1—8) (12) (rg 


¥ 
Oo } | 
> >> h, Uv, 


also forming 


— = SE 
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g— (bf) (1-5) 
: Nae Ee a 


[o2(f—g2-+h?) + (h+f)I(g?—(h—f)*—“y=) f age 


+4, 


~ ie" Ease _— 
| a oh Lee ant go 
+2,/ KA ne (1—3) (1-5) (gy —(h—f)*)./—pw=0 


le — (f—2)5\)/ =pw=0. 


that each see yarator passes through the point of 
shown that 


It is obvious, from the equations, t 


contact of a tactor and determinator, it consequen 


each separator touches two tactors. Consider the t 


axv+ By + yz + dw=0, the unreduced values of the coefficients give 


by 
Au+6+ Gy =WK/4 


pl Key | 
Het BB+ Iy=Tjqhr’) 


A Ke 
Got se+Cy= Jqere) 


VA 


werk e ] ee _ 
J ae. P= Fg et DB + Gy) = 


Represent for a moment the separator 


fd \ een ape) fF Sees, NY Cee 
— aay — JB\" 1) Th VE\ a) i 


VA\ 
by le-+-my+nz+sw=0. Then putting QGP+.. os O°, since 


TqE+e)| 


Gal eo. + S39=K {Wat Fa (Gh +) 


=K'/f(1-7)-g(1 (18) 


Of 


=T\- (f—g)+h(f+¢g > 


the condition of contact becomes 
a: 


o=5|—(f-g)+ht+g)— 


—(f-g)(1-7) 


only remains to be 
actor which has been represented 


(1 


h 


TJ 


] 


) 


J 


QT 


a i | 
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Or, forming the value of O° and substituting 


(if) te(-f Hew) 


+261) -Y0—}) 21K) --f)—a-F) —Po-$ 


which may be verified without difficulty, and thus the construction for the resultors 


is Shown to be true. 


) 8. 
Several of the formule of the preceding sections of this memoir apply to < 
number of variables. Consider the surface (i. e. hypersurface) 


ax’ + by’ + cz’ 2fyz+2gzx+4 2hay...+n?=0, 


and the section (z. e. hypersection) 


(di hu+gy...)e+(hatbutfr...y+(gratfuter...)z... +./—pvt=0, 
where 
Van + bw? + or + Qf +2qr+2hraw...—K, 


the condition of contact with any other section represented by a similar equation is 


c= i : . 
aN bu! + cv! + f (w+!) +g +7) -hAy' tin). +-K=vv". 
where K is the determinant formed with the coeflicients a, b, c, f, g, h And con- 
2) i 5 =~ = 
sequently, by establishing all or any of the equations MS MG b=) ®& y=/G 


we have the condition in order that the section in question may touch all or the 


corresponding sections of the sections t=0, y=0, s=0 
« 9) PAW) COC 


Let 11 be the number of the variables x, y, z.., then K" = |q ® G.| 
| 
6 Ff ¢€ | 
ee 2 
also K (GRE Rat g..)ot (A+ bat fo..)y + (gh-tf-kov..)e... 
Sc Ds, | 
LS: Ge: aa 
eH QS 
y al (Ne 
whence also 
K"*(v2--K)=— A pb y or Ke? yey Mb 
i y ? 0 
ee \ 2 ® 6 
- 2B F Ye PBs F 


STEINER’S EXTENSION OF MALFATTI’S PROBLEM. 


and the equation of the section in question becomes 


eres 
oc y .)+K* 


] 


| JS —pr/ li A 
A 42 ® G * q 
» ®B F w ® 
y © Ff C ly G 
{Es His 


also the condition of contact with the corresponding section is 


ae 


] 


h 
q 
® 
G 


Paden 7 Dey 
6/ hh @ ® 6| 
F | » ® SB i 
C ly @ FF aa 


as | 
NI 


In particular the equation of the sections which touches all the sections r=0, y=0, 


2 Oeas 


U Y 
1 ® 
& F 


Again, the equations of the 


R=O, B05 soo BiRe 


JSS 


A 


SC 


Do 
a4 2 
H S 
& Ff 

DD 
a ® 
H S 
6 Ff 


section touching y=0, z=0, ... 


] 
fEKe Ls / —p/ = IR CIOAB AD: 
G | /4 4 B® G 
a \/6b © BS Ff 
€ YE 6 F C 


and the section touching 


Boda a/Sppy/ Tl A/B/C. jJt=0 
G | A ® G | 
F VS BB Fs | 
c YO 6 Ff CI 
: | 
1y=1 ce > ‘et e 
+R S—p/ =| 1/7 SG Ne=0 
O Ja 48 Gi] 
I »p be Fi] 
c JE 6 F GC 


and the condition of contact of these two sections is 


Xr WA ¥. ~/. Cc 
6 
HS F 
Cree 


ea ] MS B/C.) — 1/4 wr/ C. . .|\ 

| Bee VE Bao, 
VS bh SF eh B F | 
VEG Fe} VEG FE 
: | . 
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It would seem from the appearance of these equations that there should be some 


simpler method of obtaining the solution than the method employed in the previous 
part of this memoir. : 


2 Stone Buildings, 
April 1852. 
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